Abstract. Consider the Hamiltonian action of a torus on a transversely symplectic foliation that is also Riemannian. When the transverse hard Lefschetz property is satisfied, we establish a foliated version of the Kirwan injectivity theorem, and use it to study Hamiltonian torus actions on transversely Kähler foliations. Among other things, we prove a foliated version of the Carrell-Liberman theorem. As an immediate consequence, this confirms a conjecture raised by Battaglia and Zaffran on the basic Hodge numbers of symplectic toric quasifolds. As an aside, we also present a symplectic approach to the calculation of basic Betti numbers of symplectic toric quasifolds.
Introduction
Reinhart [19] introduced the notion of basic cohomology as a cohomology theory for the leaf space of a foliation. It turns out to be a very useful tool in the study of Riemannian foliations. Killing foliation is an important class of Riemannian foliations, and is known to possess a type of "internal" symmetry given by the transverse action of their structural Lie algebras. In order to study this important type of symmetries, Goertsches and Töben [9] proposed the notion of equivariant basic cohomology. Among other things, they proved a Borel type localization theorem for the transverse actions of the structural Lie algebras on Killing foliations. Lin and Sjamaar [15] generalized their result to the transverse isometric action of an arbitrary Lie algebra on a general Riemannian foliation.
In a slightly different direction, Lin and Sjamaar [13] considered Hamiltonian action of a compact Lie group on a transversely symplectic foliation. They discovered that when the action is clean, components of a moment map must be Morse-Bott functions, and extended Atiyah-Guillemin-Sternberg-Kirwan convexity theorem to clean Hamiltonian actions. Lin and Yang [14] studied Hamiltonian actions on a transversely symplectic foliation from Hodge theoretic viewpoint, and established in this setup the equivariant formality result for the equivariant basic cohomology. In the current paper, building on the equivariant formality result in [14] and the Borel localization result in [15] , we establish the following foliated version of the Kirwan injectivity theorem in symplectic geometry. Theorem 1.1. Let (M, F) be a transversely symplectic foliation on a closed manifold M that is also Riemannian. Suppose that (M, F) satisfies the transverse hard Lefschetz property, that there is a Hamiltonian action of a compact torus G on M . Let X be the fixed-leaf set of M and i : X ֒→ M the inclusion map. Then the localization homomorphism in equivariant basic cohomology
is injective.
To demonstrate the usefulness of the Kirwan injectivity theorem in foliation theory, we apply Theorem 1.1 to study Hamiltonian torus actions on transversely Kähler foliations. When the action preserves the transversely holomorphic structure, we obtain a foliation analogue of the Carrell-Lieberman theorem [6] and establish the vanishing of certain basic Hodge numbers. When the Hamiltonian action is clean and when the fixed leaf set consists entirely of isolated closed leaves, we prove that the odd dimensional basic Betti number must vanish, and that the basic Euler characteristic number is given by the total number of the vertices in the moment polytope.
Using a variation of the Delzant construction, out of any non-rational simple polytope Prato [18, Section 3] constructed a foliation analogue of a symplectic toric manifold, called a symplectic toric quasifold. From our viewpoint, Prato's toric quasifolds provide a rich and interesting class of Hamiltonian torus actions on transversely Kähler foliations to which our main results apply very well. Indeed, our foliation analogue of the Carrell-Liberman theorem provides immediately a positive answer to a conjecture raised by Battaglia and Zaffran [3] , which asserts that the basic Hodge numbers of toric quasifolds are concentrated on the main diagonal. Our method also enables us to completely determine the basic Betti numbers of symplectic toric quasifolds, and show that they are given by the components of the h-vectors of the moment polytope.
Historically the study of toric varieties involves two important viewpoints: symplectic vs. algebraic. Similarly, there are two different approaches to toric quasifolds from symplectic and complex geometries respectively. Battaglia and Zaffran [3] first noted that toric quasifolds can be realized as the leaf spaces of holomorphic foliations on compact LVMB complex manifolds, and calculated the basic Betti numbers of a class of holomorphic foliations on LVMB manifolds constructed using shellable simplicial fans. Lin and Sjamaar [13] then observed that toric quasifolds can also be realized as the leaf spaces of transversely symplectic foliations. More recently, Ishida [11] showed that the basic Hodge numbers of holomorphic foliations on certain complex manifolds with maximal torus actions concentrated on the main diagonal, which appears to be the complex geometric counterpart of our Corollary 6.2 in this paper. Nevertheless, we believe that our work from symplectic viewpoint complements the existing works arising from the world of complex geometry. To our best knowledge, our symplectic approach to basic Betti numbers of toric quasifolds appears to be new even for symplectic toric manifolds (cf. [5, Theorem I.3.6] ). Furthermore, as shown in the example constructed in the proof of Theorem 5.8, our main result on the vanishing of basic Hodge numbers applies to a wider class of transversely Kähler foliations which may not admit a large symmetry from a torus of greatest possible dimension.
The rest of this paper is organized as follows. Section 2 recalls the definitions of transverse geometric structures on foliations. Section 3 reviews the equivariant basic cohomology and establishes the Kirwan injectivity theorem. Section 4 collects some useful facts on clean Hamiltonian torus actions. Section 5 proves an analogue of the Carrell-Liberman theorem in a foliated setting, as well as a result on the basic Betti numbers and basic Euler characteristic numbers of transversely symplectic foliations with Hamiltonian torus actions. Section 6 applies the main results to determine the basic Hodge numbers and basic Betti numbers of symplectic toric quasifolds.
the Lie derivative L(X)σ is well defined.
Definition 2.1. A transverse Riemannian metric on a foliation (M, F) is a Riemannian metric g on the normal bundle Q of the foliation, such that L(X)g = 0, for X ∈ X(F). We say that F is a Riemannian foliation if there exists a transverse Riemannian metric on (M, F).
Let q be the co-dimension of a Riemannian foliation F on a compact manifold M . If H q (M, F) = R, we say that F is homologically orientable. The following result [20] uses the notion of Molino sheaf to characterize when a Riemannian foliation is homologically orientable. We refer the interested readers to [17] and [15] for a detailed account on Molino sheaf. Lemma 2.2. Let F be a Riemannian foliation on a compact manifold. Then F is homologically orientable if and only if the top wedge power of its Molino sheaf has a nowhere vanishing global section.
Let (M, F) be a Riemannian foliation with a transverse metric g, and let X be a transverse vector field. Define L(X)g = L(X)g, where X is a foliate vector field that represents X. Then it is straightforward to check that the definition of the Lie derivative L(X)g does not depend on the choice of X. A transverse vector field X is said to be transversely Killing if L(X)g = 0.
Suppose that both X and Y are transversely Killing. Then it follows easily from the Cartan identities that [X, Y ] is also transversely Killing. In other words, the space of transversely Killing vector fields, which we denote by Iso(M/F), forms a Lie subalgebra of X(M/F). Definition 2.3. A transverse almost complex structure J on (M, F) is an almost complex structure J : T M/T F → T M/T F such that L(X)J = 0, for X ∈ X(F). A transverse almost complex structure J on (M, F) is said to be integrable, if for every p ∈ M , there exists an open neighborhood U of p, such that for any two transverse vector fields X and Y on U with respect to the foliation F| U , the Nijenhaus tensor
vanishes. An integrable transverse almost complex structure is also called a transverse complex structure. The foliation F is said to be transversely holomorphic if there is a transverse complex structure J on (M, F). Definition 2.4. Let F be a foliation on a smooth manifold M . We say that F is a transversely symplectic foliation, if there exists a closed 2-form ω, called a transversely symplectic form, such that for each x ∈ M , the kernel of ω x coincides with T x F. Definition 2.5. A transversely Kähler structure on (M, F) consists of a transverse complex structure J and a transverse Riemannian metric g, such that the tensor field ω defined by ω(X, Y ) = g(X, J Y ) is transversely symplectic when considered as a 2-form on M given by the injection ∧ 2 Q * → ∧ 2 T * M. The 2-form ω will be called a transverse Kähler form. We say that F is a transversely Kähler foliation if there exists a transverse Kähler structure on (M, J ).
Applying the basic Hodge theory developed in [12] , the following foliated version of thē ∂∂-lemma was shown in [7, Lemma 1] . Theorem 2.6. Suppose that F is a homologically orientable transversely Kähler foliation on a compact manifold M . Then on the space of basic forms Ω(M, F) the following∂∂-lemma holds.
ker∂ ∩ im ∂ = im∂ ∩ ker ∂ = im∂∂.
Kirwan injectivity theorem for the Equivariant basic cohomology
In this section, we prove a foliated version of the Kirwan injectivity theorem, i.e., Theorem 1.1. We begin with a review of the notion of transverse Lie algebra actions, and the associated notion of equivariant basic cohomology. Suppose that there is a transverse action of a Lie algebra g on a foliated manifold (M, F). For all ξ ∈ g, we will denote by ξ M the transverse vector that is the image of ξ under (3.1), and by ξ M the foliate vector that represents
Since α is basic, the contraction and Lie derivative operations defined above do not depend on the choices of representatives of the transverse vector field ξ M . Goertsches and Toben [9, Proposition 3.12] observed that they obey the usual rules of E. Cartan's differential calculus,
To put it another way, a transverse g-action equips the basic de Rham complex Ω(M, F) with the structure of a g ⋆ -algebra in the sense of [10, Chapter 2] . Therefore there is a well-defined Cartan model of the g ⋆ -algebra Ω(M, F) given by
An element of Ω g (M, F) can be naturally identified with an equivariant polynomial map from g to Ω(M, F), and is called an equivariant basic differential form. The equivariant basic Cartan complex has a bigrading given by
moreover, it is equipped with the vertical differential 1 ⊗ d, which we abbreviate to d, and the horizontal differential d ′ , which is defined by
As a single complex, Ω g (M, F) has a grading given by
and a total differential d g = d + d ′ , which is called the equivariant exterior differential. The equivariant basic de Rham cohomology H g (M, F) of the transverse g-action on (M, F) is defined to be the total cohomology of the Cartan complex {Ω g (M, F), d g }. Now let G be a compact connected Lie group with Lie algebra g. A transverse action of G on a foliated manifold (M, F) is simply a transverse action of its Lie algebra g on (M, F). The equivariant basic cohomology of a transverse G-action on (M, F) is defined to be
We say that the action of a Lie group G on a foliated manifold (M, F) is foliate, if the action preserves the foliation structure. Suppose that there is a foliate G-action on a foliated manifold (M, F). Then we have the following commutative diagram
Here the horizontal map is induced by the infinitesimal action of g on M , and the vertical map is the natural projection. Thus a foliate action of G naturally induces a transverse action of G. As transverse vector fields are not genuine vector fields on M , the converse may not be true.
Definition 3.2. ([15])
Consider the action of a Lie group G with Lie algebra g on a foliated manifold M with a transversely symplectic foliation (F, ω). We say that the action of G is Hamiltonian, if there exists a G-equivariant map Φ : M → g * , called the moment map, such that
Here ξ M is the fundamental vector field on M generated by ξ, and ·, · denotes the dual pairing between g * and g. It is easy to check that a Hamiltonian action must automatically be foliate. 
We are in a position to prove Theorem 1.1.
Proof of Theorem 1.1. By assumption, there is a transverse Riemannian metric g on (M, F).
By averaging over the compact torus G we get another transverse Riemannian metric g 1 that is invariant under the action of G. Thus without loss of generality we may assume that the induced transverse action of G is isometric. 
is a Sg * -torsion submodule. However, by Theorem 3.4 H G (M, F) is a free Sg * -module. Therefore the map (3.2) must be injective.
According to El Kacimi-Alaoui [12, Section 3.4.7] , any homologically orientable transversely Kähler foliation on closed manifolds must satisfy the transverse hard Lefschetz property. As an immediate consequence of Theorem 1.1 we have the following result.
Corollary 3.5. Let F be a homologically orientable transversely Kähler foliation on a closed manifold M . Suppose that there is a Hamiltonian action of a compact torus G on (M, F) that is also holomorphic. Then the restriction homomorphism
is injective, where X is the fixed-leaf set.
Clean Hamiltonian torus actions on transversely symplectic foliations
In this section we collect some useful facts on the image of a moment map of a clean Hamiltonian torus action, which we need later in this paper. We recall the definition of clean group actions on foliated manifolds. 
Definition 4.2. Suppose that F is a transversely symplectic foliation on a manifold M , and that there is a clean foliate action of a compact torus T with Lie algebra t on (M, F).
We say that ξ ∈ t is generic, if ξ / ∈ tx =t tx.
Remark 4.3. Suppose that N is the null subgroup of T , and that n = Lie(N ). Since the action of T is assumed to be clean, it is straightforward to check that tx = t x + n. If M is compact, then there are only finitely many distinct isotropy subalgebras t x , and so only finitely many Lie subalgebras tx.
Throughout the rest of this section, we assume that there is an effective and clean Hamiltonian action of a compact torus T on a transversely symplectic foliation F over a compact manifold M , that the null group is N with a Lie algebra n, and that Φ : M → t * is a moment map, where t = Lie(T ).
Lemma 4.4. For any generic element ξ ∈ t * , the critical subset Crit (Φ ξ ) of Φ ξ coincides with X, the set of fixed leaves under the action of T .
Proof. It suffices to show that Crit (Φ ξ ) ⊂ X. Suppose that x ∈ M is a critical point of Φ ξ . Then it follows from the Hamiltonian equation ι(ξ M )ω = dΦ ξ that ξ M is tangent to the leaf at x. This shows that ξ M ∈ t x . Since ξ is generic, we must have that tx = t. Thus for all ζ ∈ t, the vector field ζ M must be tangent to the leaf at x. It follows that the leaf through x is invariant under the action of T . This completes the proof of Lemma 4.4.
Lemma 4.5. The image ∆ = Φ(M ) of the moment map is a convex polytope, called the moment polytope. Moreover, for any face F ⊂ ∆, the set Φ −1 (F ) is a connected F-saturated T -invariant submanifold of M to which the restriction of F is transversely symplectic.
Proof. The first assertion was shown in [13, Theorem 3.5.1]. Now let
where ·, · dentoes the dual pairing between t * and t. Then it is easy to see that h is a Lie subalgebra of Lie(T ) that contains n, and that Φ −1 (F ) is a disjoint union of connected components of
where ξ M denotes the fundamental vector field on M generated by ξ ∈ h F . It follows from [13, Proposition 3.4.4] that each connected component of Φ −1 (F ) must be a F-saturated submanifold of M to which the restriction of F is transversely symplectic. To finish the proof of Lemma 4.5, it suffices to show that Φ −1 (F ) is connected. By mathematical induction on the co-dimension of F in ∆, we may assume that F is a facet of ∆. In this case, h F /n is one dimensional. Choose a vector ζ ∈ h F such that its image under the quotient map h F → h F /n is not zero. Then Φ −1 (F ) is precisely the maximum critical submanifold of Φ ζ . Note that by Definition 4.6. Fix a generic element ξ ∈ t. We will say that a vertex λ ∈ ∆ has index l relative to the Morse-Bott function Φ ξ , if the corresponding critical submanifold Φ −1 (λ) has Morse index l. The index of the vertex λ will be denoted by ind ξ (λ).
Lemma 4.7. Let ξ ∈ t be a generic element, and let F be a non-empty face of the moment polytope ∆. Then there is a unique vertex of F , denoted by λ F , such that
The point λ F will be called the vertex of F with the minimal index. 
where by definition a basic form α ∈ Ω p,q (M, F) if and only if J α = ( √ −1) p−q α. Let α be a basic form of (p, q)-type. Define∂α to be the component of dα that lies in Ω p,q+1 (M, F), and ∂α the component of dα that lies in Ω p+1,q (M, F). Then the exterior differential d naturally splits as d =∂ + ∂. Now suppose that there is a foliate action of a compact Lie group G with Lie algebra g on (M, F) which preserves the transversely holomorphic structure J . Since the action of G is holomorphic, Ω p,q (M, F) is a G-module for all (p, q) . Thus the space
is well defined for all (p,
for all α ∈ Ω g (M, F) and for all ξ ∈ g. Also note that on the space of equivariant basic forms Ω g (M, F) the operator 1 ⊗ d splits as 1 ⊗ d = 1 ⊗∂ + 1 ⊗ ∂. For brevity, we will also abbreviate 1 ⊗∂ to∂ and 1 ⊗ ∂ to ∂. Thus the equivariant exterior differential d g splits as
, where
It is straightforward to check that The following result generalizes the earlier result [8, Theorem 7.5] in two ways: it is valid for a transversely Kähler foliation which may not be Killing, and it applies to a more general type of symmetry which may not come from the structural Lie algebra of a Killing foliaiton.
Theorem 5.2. Let G be a compact torus, and let F be a homologically orientable transversely Kähler foliation on a closed manifold M . Suppose that there is a Hamiltonian action of G on (M, F) which is also holomorphic. Then each connected component of the fixed-leaf set X is a G-invariant F-saturated transversely Kähler submanifold of M ; furthermore, H p,q (M, F) = 0 for |p − q| > codim C (F| X ), where codim C (F| X ) is the maximum of the finite set
Proof. Equip the equivariant basic Cartan complex {Ω g (M, F), d g } with the bi-grading given by
together with the vertical differential∂ g and the horizontal differential ∂ g . It was shown in [8, Theorem 7 .1] that the spectral sequence of the double complex {Ω
•,• g (M, F),∂ g , ∂ g } relative to the horizontal filtration degenerates at the E 1 term.
Since the connected components of fixed-leaf set X is a F-saturated closed submanifold of M , the normal bundle T X/T (F| X ) is a subbundle of the pullback of Q = T M/T F to X. Let J : Q → Q be the transversely holomorphic structure on (M, F). Applying [15, Proposition 5.2.1], it is straightforward to check that T X/T (F| X ) is an invariant subbundle of J : Q| X → Q| X ; moreover, a routine check shows that J : T X/T (F| X ) → T X/T (F| X ) is a transversely holomorphic structure, and that X inherits the structure of a transversely Kähler foliation from that of M . As a result, Ω g (X, F| X ) admits a bi-grading as given in (5.1).
Let X i be a connected component of X. Since X i is a F-saturated submanifold of M , the Molino sheaf of the Riemannian foliation F| X i is just the pullback of the Molino sheaf of F under the inclusion map X i ֒→ M . By Lemma 2.2, the top wedge power of the Molino sheaf of (M, F) has a nowhere vanishing global section. It follows that the top wedge power of the Molino sheaf of (X i , F| X i ) must also admit a nowhere vanishing global section. Thus by Lemma 2.2, the foliation F| X i must be homologically orientable as well.
Observe that the induced transverse G-action on each X i is trivial, which implies that Ω(X i , F| X i ) is a trivial g ⋆ -module. Applying Theorem 2.6, an easy calculation shows that the spectral sequence associated to the double complex {Ω * , * (X i , F| X i ),∂ g , ∂ g } relative to the horizontal filtration also degenerates at the E 1 term.
By Theorem 1.1, the restriction homomorphism
is injective. It then follows from simple homological algebra considerations that the homomorphism
g (X, F| X ), we conclude that the restriction homomorphism
is injective. By our assumption, for all |p − q| > codim C (F| X ), we have that Ω p−j,q−j (X, F| X ) = 0, which implies that H p−j,q−j (X, F) = 0. Thus by the injectivity of (5.2) we must have that H 
Basic Betti numbers.
In this subsection we apply Theorem 1.1 to study the basic Betti numbers of a Hamiltonian transversely symplectic foliation. Throughout this section we will make the following assumptions.
(A1) F is a transversely symplectic foliation of co-dimension q on a compact manifold M which satisfies the transverse hard Lefshetz property.
(A2) There is a clean Hamiltonian action of a compact torus T on (M, F) with the moment map Φ : M → t * , which has only finitely many leaves invariant under the action of T .
(A3) F is a homologically orientable Riemannian foliation on M .
We will also need the following Morse inequality for basic cohomologies established in [1, Theorem A]. 
etc. Moreover, we also have the following equality
Proposition 5.5. Let f = Φ ξ for a generic element ξ ∈ t. Under the assumptions (A1), (A2) and (A3), f must be a perfect basic Morse-Bott function, that is,
Proof. It suffices to show that
]. Let X be the set of fixed leaves as before. Note that the restriction homomorphism (3.2) maps H odd T (M, F) into H odd T (X, F), which by assumption (A2) must vanish. It follows immediately from Theorem 1.1 that H odd T (M, F) = 0. However, by Theorem 3.4 we have that F) . Therefore all the odd dimensional basic Betti numbers must be zero, from which Proposition 5.5 follows.
Proposition 5.5 has the following easy consequence.
Corollary 5.6. Consider the clean Hamiltonian action of a compact torus T on a transversely symplectic foliation F. Suppose that it satisfies the assumption (A1), (A2) and (A3). Then we have that F) coincides with the total number of vertices with index 2i in the moment polytope ∆;
(iii) the basic Euler characteristic number χ(M, F), given by
equals the total number of vertices in the moment polytope ∆.
5.
3. An example that is not a toric quasifold. In this subsection, we present an example of a clean Hamiltonian torus action on a transversely Kähler foliation with isolated fixed leaves. In this example, the leaf space of the transversely Kähler foliation possesses a much "smaller" symmetry than that of a toric quasifold. We begin with a simple observation that we will use when counting the dimension of the fixed-leaf set in the proof of Theorem 5.8.
Lemma 5.7. Let λ 1 < λ 2 be two real scalars, let H λ be the set of 2 × 2 Hermitian matrices whose spectrum is given by {λ 1 , λ 2 }, and let f be a function given by
where µ 1 and µ 2 are fixed real constants. Suppose that c ∈ R is a regular value of f . Then
Proof. It follows easily from the observation that H λ is diffeomorphic to the complete flag manifold U (2)/ (U (1) × U (1)).
Theorem 5.8. For n ≥ 4, there exists a clean Hamiltonian action of an n dimensional torus T on a homologically orientable transversely Kähler foliation F which has dimension one and co-dimension n 2 − n − 2, such that there are only finitely many isolated closed leaves invariant under the action of T .
Proof. For n ≥ 4, let U (n) be the unitary group of degree n, let H be the space of n × n Hermitian matrices, and let H λ be the space of n × n Hermitian matrices whose spectrum is given by {λ 1 , · · · , λ n }, where we assume that λ 1 < · · · < λ n . By assumption H λ is diffeomorphic to the complete flag manifold U (n)/ U (1) × · · · × U (1) n , and therefore has dimension
identifies H with the Lie algebra u(n) of U (n). Use the inner product
to identify u(n) with u(n) * . Then we get a natural identification of H λ with the coadjoint orbit of U (n) through a diagonal matrix in u(n) * whose entries on the main diagonal are given by (iλ 1 , · · · , iλ n ). So H λ is a symplectic manifold equipped with the canonical Konstant-Krillov Kähler 2-form ω λ . Let T be the maximal torus of U (n), and let t be the Lie algebra T . It is well-known that T is n dimensional, and that the conjugate action of T on H λ is Hamiltonian, with a moment map Φ :
which associates to each symmetric Hermitian matrix in H λ its diagonal entries. Let n ⊂ t be spanned by a vector ξ ∈ t that generates a flow whose closure in T is of dimension ≥ 2, let N be the connected immersed normal subgroup of T whose Lie algebra is n, and let Φ N : H λ → n * be the composition of (5.3) with the natural projection t * → n * . Then Φ N is a moment map for the action of N on H λ . Choose a regular value a ∈ n * ∼ = R of Φ N .
N (a), and let σ be the restriction of ω λ to M . Note that M is invariant under the action of T on H λ , and that by [16, Proposition 6 .2] the locally free action of N on M generates a transversely Kähler foliation F of co-dimension n 2 − n − 2. An easy application of Proposition A.1 shows that F is homologically orientable. Clearly, the induced T action on M is clean and is Hamiltonian with respect to the transversely Kähler two form σ. It then follows from [13, Theorem 3.5.1] that the set of fixed leaves X is non-empty.
We claim that any leaf in X is isolated. To see this, first observe that a Hermitian matrix A ∈ X if and only if the T -orbit through A is one dimensional. In other words, a Hermitian matrix A ∈ X if and only if the isotropy subgroup of T at A is n − 1 dimensional. As M is compact, there are only finitely many n − 1 dimensional isotropy subgroups H 1 , · · · , H r . It is straightforward to check that X = r i=1 M H i , where M H i denotes the fixed point set of H i , 1 ≤ i ≤ r. Therefore to establish our claim, it suffices to show that for an n − 1 dimensional isotropy subgroup H of T , its fixed point submanifold must be one dimensional.
Since T is the maximal torus of the unitary group U (n),
For 1 ≤ j ≤ n, let ϑ j : H → S 1 be the weight given by the composition of the inclusion map H ֒→ T with the projection from T to the j-th factor on the right hand side of (5.4). Then given A = (a ij ) ∈ M H , we have that for all g ∈ H,
However, since dim(H) = n − 1, there is at most one pair (i, j) with 1 ≤ i < j ≤ n − 1, such that ϑ i (g) = ϑ j (g) for all g ∈ H. If this is the case, then it follows from (5.5) and Lemma 5.7 that the fixed point set of H is one dimensional. Otherwise A will be an isolated fixed point of H. However, note that the T -orbit through A is one dimensional and lies inside M H . It follows that the fixed point set of H must be one dimensional. This finishes the proof of Theorem 5.8.
Remark 5.9. a) In the above example, the null subgroup N of T is one dimensional. Thus the quasi-torus T /N (in the sense of [18, Definition 2.1]) is n − 1 dimensional. However, the co-dimension of the transversely Kähler foliation F is n 2 −n−2. Clearly, n − 1 < 
Main example: Symplectic toric quasifolds
In this section, we apply the tools we developed in Section 5 to determine the basic Hodge numbers and basic Betti numbers of a symplectic toric quasifold.
6.1. Symplectic toric quasifolds I: basic Hodge numbers. We begin with a quick review of the definition of a symplectic toric quasifold. Let V be an m dimensional vector space, and ∆ ⊂ V * an m dimensional simple convex polytope given by
where X j ∈ V and λ j 's are real numbers. Here ∆ being simple means that at any vertex there are exactly m edge vectors. Now consider the standard action of torus
This action is Hamiltonian relative to the standard symplectic form
where λ ∈ (R d ) * is a constant vector, and e * 1 , · · · , e * d are the dual basis of the standard basis e 1 , · · · , e d in R d . Let n be the kernel of the surjective map given by 2) and let N be the connected immersed normal subgroup of T d whose Lie algebra is n. Then the induced action of N on C d is also Hamiltonian with a moment map Φ N : C d → n * given by the composition of the map (6.1) with the natural projection map (R d ) * → n * . It is straightforward to check that M = Φ −1 N (0) is compact, and that the infinitesimal action of n on M is free and generates a transversely symplectic foliation F. The leaf space of the transversely symplectic foliation F is defined to be a symplectic toric quasifold. Clearly, the induced action of T d on the transversely symplectic foliation (M, F) is Hamiltonian. Indeed, the restriction of Φ to M is a moment map for the induced action of T d on (M, F), which by abuse of notation we also denote by Φ. Let π * : (R m ) * → (R d ) * be the dual of the map (6.2) . Then the image of M under the moment map Φ is given by π * (∆).
Lemma 6.1. The foliation F is transversely Kähler and Killing. As a result, F must be homologically orientable.
Proof. The assertion that F is transversely Kähler follows from [16, Proposition 6.2 ]. An application of Proposition A.1 to the pair (N, N ) implies that F is a Killing foliation. So it follows from Lemma 2.2 that F is also homologically orientable.
An easy application of the presymplectic slice theorem [13, Theorem C.5.1] shows that the Hamiltonian T d -action on (M, F) has only finitely many fixed leaves. As an immediate consequence of Corollary 5.3 we have the following result on the basic Hodge numbers of a symplectic toric quasifold. 6.2. Symplectic toric quasifolds II: basic Betti numbers. We will keep the same assumptions and notations as in Section 6.1. It is straightforward to check that the action of T on (M, F) is clean; moreover, the null subgroup is precisely the connected immersed normal subgroup N as constructed in Section 6.1. The following result is a refinement of Corollary 5.6 in the case of symplectic toric quasifolds. 
Proof. Assertion (i) is an immediate consequence of Proposition 5.5. To show Assertion (ii), we first note that since ∆ is a simple polytope, its h-vector is given by
where f j is the number of j dimensional faces in ∆ (cf. [21, Definition 8.18] ). Fix a generic element ξ ∈ t. We divide the rest of the proof into two steps.
Step 1. Let F ⊂ ∆ be a non-empty m − i dimensional face, and let λ F be the unique vertex of F with the minimal index. We will show that ind ξ (λ F ) ≤ 2i. Choose x ∈ Φ −1 (λ F ). By the presymplectic slice theorem [13, Theorem C.5.1], we may assume that x has a
where H is the isotropy subgroup of T d at x, S = T x M/T x F is a symplectic vector space. Since all fixed leaves are isolated in our case, a simple dimension count shows that dim(S) = 2dim(H) = 2m. Moreover, let h = Lie(H), let t = Lie(T d ), and identify t * with (t/h) * × h * . Then the restriction of Φ to M is given by
where (x 1 , y 1 , · · · , x m , y m ) are Darbourx coordinates of v on S, and w 1 , · · · , w m ∈ h * ⊂ t * ∼ = (R d ) * are weight vectors. It follows that there is a neighborhood U of the vertex λ F ∈ (R d ) * such that U ∩ ∆ is the convex cone with vertex λ F and edge vectors w 1 , · · · , w m , and such that
Since x is a local minimum of the restriction of Φ ξ to Φ −1 (F ), and since F is m−i dimensional, (6.4) implies that ind ξ (λ F ) is at most 2i.
Step 2. We deduce that b 2k (M, F) = h k from (6.3) . In what follows, for a finite set E we will denote by E its cardinality. For all 0 ≤ k ≤ m, let
By definition, we have that f m−k = A k + B k . Let F 1 and F 2 be two different faces in A k . Since ∆ is simple, it follows easily from (6.4) that λ F 1 and λ F 2 must be two different vertices of ∆ with index 2k. Conversely, for any vertex ν ∈ ∆ with index 2k, there is an m − k dimensional face F of ∆ such that ν = λ F . So by Corollary 5.6
In order to calculate B k , we introduce a partition of the set B k as follows. Let {σ 1 , · · · , σ p } be the collection of all m − k + 1 dimensional faces of ∆. Define
where 1 ≤ i 1 < · · · < i s ≤ p. Since the moment polytope ∆ is simple, for any sequence of integers 1 ≤ i 1 < · · · < i s ≤ p, the set (6.6) is either empty or has exactly one element. If (6.6) is non-empty, then there exists a unique m − k + s dimensional face τ , such that for the unique face F ∈ B The following result provides a class of useful examples of Killing foliations. To prove it we have to use Molino's structure theory of a Riemannian foliaiton, for which we refer to [17] for a detailed account.
Proposition A.1. Suppose that there is a compact Lie group G acting on a closed manifold M , that H is a dense immersed connected subgroup of G, and that the induced H action on M is locally free. Then the infinitesimal action of the Lie algebra h of H on M generates a Riemannian foliation F which is Killing. Moreover, the action of G is foliate with respect to the foliation F.
Proof. The first assertion that F is Riemannian is shown in [14, Lemma 5.1] . We need only to show that F is a Killing foliation, and that the action of G is foliate.
Since H is a dense immersed subgroup of G, [4, Chapter 3, §9, no. 2, Proposition 5] implies that h must be an ideal of G, from which it follows that the action of G must be foliate; moreover, it also implies that g/h is an abelian Lie algebra, where g = Lie(G). For any ξ ∈ g/h, let ξ ∈ g be a representative of ξ, let ξ M be the fundamental vector field on M induced by ξ, and let ξ M be the corresponding transverse vector field. Then we have a well-defined Lie algebra homomorphism g/h → X(M/F), ξ → ξ M .
To prove that F is Killing, a simple dimension count shows that it suffices to show that for all ξ ∈ g/h, and for all η ∈ X(M/F), we have that [ξ M , η] = 0. To show this, using Molino's structure theory of Riemannian foliations we may assume without loss of generality that the space of leaf closures N = M/F is a manifold, and that there is a projection map ρ : M → N . Moreover, since G is compact, we may also assume that there is a bundle-like metric on M that is invariant under the action of G.
Let ζ 1 , · · · , ζ r be a basis in g/h, and let q ′ = dim(N ). For any vector field Y on N , denote by Y M the unique G-invariant lifting of Y to M that is everywhere orthogonal to the G-orbits, and by Y M the corresponding transverse vector on M . Then the G-invariance implies that [ξ M , Y M ] = 0, for all ξ ∈ g/h. Note that locally a transverse vector field η is always given as
where Y i 's are vector fields on N , and a i 's and b i 's are F-basic functions on M . Since F-basic functions are also F -basic, and since that g/h is commutative, a straightforward calculation shows that [ξ M , η] = 0, for all ξ ∈ g/h. This completes the proof of Proposition A.1.
